PUBLISHED BY INSTITUTE OF PHYSICS PUBLISHING FOR SISSA

RECEIVED: July 8, 2007
REVISED: June 14, 2007
ACCEPTED: August 31, 2007
PUBLISHED: September 17, 2007

I

Entropy of the Schwarzschild-de Sitter black hole due
to arbitrary spin fields in different coordinates

Chikun Ding and lJiliang Jing *

Institute of Physics and Department of Physics,

Hunan Normal University, Changsha, Hunan 410081, P.R. China, and
Key Laboratory of Quantum Structures and Quantum Control,

(Hunan Normal University), Ministry of Education, P.R. China
E-mail: dingchikun@163. conl, [j1jing@hunnu.edu. cn

ABSTRACT: By using the Newman-Penrose formalism and the improved thin-layer “brick
wall” approach, the statistical-mechanical entropies of the Schwarzschild-de Sitter black
hole arising from quantum massless arbitrary spin fields are studied in the Painlevé and
Lemaitre coordinates. Although the metrics in both the Painlevé and the Lemaitre coordi-
nates do not obviously possess the singularities as that in the Schwarzschild-like coordinate,
we find that, for arbitrary spin fields, the entropies in the Painlevé and Lemaitre coordi-
nates are exactly equivalent to that in the Schwarzschild-like coordinate.
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. Summary

1. Introduction

Bekenstein and Hawking [, f]] found that, by comparing black hole physics with thermody-
namics and from the discovery of black hole evaporation, black hole entropy is proportional
to the area of the event horizon. The discovery is one of the most profound in modern
physics. However, the issue of the exact statistical origin of the black hole entropy has
remained a challenging one. Recently, much effort has been concentrated on the prob-
lem [B-[17. The “brick wall” model (BWM) proposed by t Hooft [I§] is an extensively
used way to calculate the entropy in a variety of black holes, black branes, de Sitter spaces,
and anti-de Sitter spaces [§]-[[7]. In this model the Bekenstein-Hawking entropy of the
black hole is identified with the statistical-mechanical entropy arising from a thermal bath
of quantum fields propagating outside the event horizon. In refs. [f, [[7], the authors found
that although the original BWM has contributed a great deal to the understanding and
calculation of the entropy of a black hole, there are some drawbacks in it such as the little
mass approximation and taking the term including L? (L being the “infrared cutoff”) as
a contribution of the vacuum surrounding the black hole, etc. The model is constructed
on the basis of thermal equilibrium at a large scale, so it cannot be applied to cases out
of thermal non-equilibrium problems, such as spacetime with two horizons, for example,
a Schwarzschild-de Sitter black hole and Vaidya black hole [, [4]. Therefore, in this
paper we utilize the improved thin-layer BWM [f], [7] to resolve Schwarzschild-de Sitter
spacetime.



In quantum field theory, we can use a timelike Killing vector to define particle states.
Therefore, in static spacetimes we know that it is possible to define positive frequency
modes by using the timelike Killing vector. However, in these spacetimes there could
arise more than one timelike Killing vector which make the vacuum states inequivalent.
This means that the concept of particles is not generally covariant and depends on the
coordinate chosen to describe the particular spacetime. It is therefore interesting to study
the following question: can we obtain the same statistical mechanical entropies of the black
hole in the Painlevé and the Lemaitre coordinates due to the fact that in this question arises
naturally after Shankaranarayanan et al. [L9, studied the Hawking temperature of the
Schwarzschild black hole in the Painlevé and the Lemaitre coordinates by using the method
of complex paths and they showed that the results are equal to those in the Schwarzschild-
like coordinate. For the massless scalar field in the general static black hole, Jing [ find
that the entropies in the Painlevé and Lemaitre coordinates are exactly equivalent to that
in the Schwarzschild-like coordinate. However, whether the entropies of the Schwarzschild-
de Sitter black hole due to arbitrary spin fields are the same in the Painlevé, the Lemaitre
and Schwarzschild-like coordinates is still an open question. In this paper we will study
the question carefully.

In order to compare the results obtained in this article with the entropy of the
Schwarzschild-de Sitter black hole in the Schwarzschild-like coordinate, we first introduce
the entropy for the Schwarzschild-like coordinate. The Schwarzschild-de Sitter spacetime
in the Schwarzschild-like coordinate is described by

ds® = fdt? — f~ldr® — r2dQ?, (1.1)

with

where m is the mass of the black hole and X is cosmological constant which we will assume
it is positive, and the geometric unit G = ¢ = h = kg = 1 is used. The Schwarzschild-
de Sitter black hole have two horizons, i. e., the black hole event horizon ry and the
cosmological horizon r¢
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By using the improved thin-layer brick wall method, S. Q. Wu and M. L. Yan [f] found
that the entropy of the Schwarzschild-de Sitter black hole due to arbitrary spin field in the
Schwarzschild-like coordinate is
15+ (—1)* [ Ay, 1 < Ar,%) | A} 34 (—1)% A1 + 2s%) A
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where gs = 1 for scalar field (s = 0), gs = 2 for Weyl neutrino (s = 1/2), Maxwell
electromagnetic (s = 1), Rarita Schwinger gravitino (s = 3/2) and linearized Einstein
gravitational (s = 2) fields, and g5 = 4 for massless Dirac field (s = 1/2), A, = 4772 or



47?7“%{, respectively. From ([1.3) we can know that the entropies depend not only on the
spins of the particles but also on the cosmological constant except different spin fields obey
different statistics.

The paper is organized as follows. In section 2 the metrics of the Schwarzschild-de
Sitter black hole in the Painlevé and Lemaitre coordinates are introduced. In section 3 the
entropies of the Schwarzschild-de Sitter black hole due to the arbitrary spin fields in the
Painlevé and Lemaitre coordinates are investigated. Section 4 is devoted to a summary.

2. Metrics of Schwarzschild-de Sitter spacetime in Painlevé and Lemaitre
coordinates

We now introduce the metrics of the Schwarzschild-de Sitter black hole in the Painlevé and
Lemaitre coordinates.

2.1 Painlevé coordinate representation for Schwarzschild-de Sitter black hole

The time coordinate transformation from the Schwarzschild-like coordinate ([.1]) to the
Painlevé coordinate [fi] is

_ V1-f(r)
t=1ts+ / 7 dr. (2.1)

The radial and angular coordinates remain unchanged. With this transformation, the line
element ([[.T) becomes

ds? = gudt?® + 2gi-dtdr + grrdr? + gopdf? + gwwdQDZ, (2.2)
with
gt = f(?”), gtr = Grt = — 1- f(?”), Grr = _17
gop = —1%, Gy = —r?sin? 0. (2.3)

The inverse metric is

gtt — 17 gtr — gr‘t — /1 — f(?a),

1
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_ 2.4
r2sin? 6 (2:4)

The metric in the Painlevé coordinate has distinguishing features: (a) The spacetime
is stationary but not static, so the time direction remains to be a Killing vector; (b) there
is now no singularity at f(r) = 0, so the metric is regular at horizons of the black hole.
That is to say, the coordinate complies with perspective of a free-falling observer, who is
expected to experience nothing out of the ordinary upon passing through the event horizon.
However, we will see next that the event and cosmological horizons manifests themselves
as singularities in the expression for the semiclassical action.



2.2 Lemaitre coordinate representation for Schwarzschild-de Sitter black hole

The coordinates that transform from the Painlevé coordinate (R.2) to the Lemaitre
coordinate (V, U, 6, ¢) are given by

U=F—t, V=r+t, (2.5)

with

where t is the Painlevé time and V' is the Lemaitre time. The angular coordinates 6 and ¢
remain the same. The line element (.d) in the new coordinate becomes

ds® = gyvdV? + 2gypdVdU + guydU? + Geedd? + Gppde?, (2.6)
with
1—f f+1
gvv = guu = — gvu = 9guv = ——
4 4
Goo = — Y, Jpp = —ysin®, (2.7)
where

1—f f+1
gV —gv— 1 gVU = UV — _ ’

1
ysin? @’

—

1
7" = —- §¥° = — (2.8)

We can see that the Lemaitre coordinate is time-dependant and the metric (P.§) has no
coordinate singularity just as in the Painlevé coordinates. However, we will know that the
event and cosmological horizons also manifests themselves as singularities in the expression

for the semiclassical action.

3. Entropy of Schwarzschild-de Sitter black hole due to arbitrary spin
fields in different coordinates

In this section we will study the entropy of the Schwarzschild-de Sitter black hole due
to arbitrary spin fields in the Painlevé and Lemaitre coordinates by using the improved
thin-layer brick wall method.



3.1 Entropy of Schwarzschild-de Sitter black hole due to arbitrary spin fields
in Painlevé coordinate

Now in order to derive the master equation for arbitrary spin fields in Painlevé coordi-
nate (R.9), we work it within the Newman-Penrose formalism [R1], 7 by taking covariant
components of the null tetrad vectors as

_ LV f(n) oo Yy S
= (- SR 00) =5 (10 i 0 0)
m, = —%(0, 0, 1, isin®), i, = —%(0, 0, 1, —isin6), (3.1)

The non-zero spin coefficients are

1
pP=—-,
r
1
H = _2_70.]0(70)7
1 =170,
a=—-0=-— ! cot 0, (3.2)
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where a prime denotes the differential with respect to r, and only one non-zero Weyl tensor

is

m A
Uy = —— 4+ —. .
2 3 + 3 (3.3)

Assuming that the azimuthal and time dependence of the perturbed fields will be of
the form e'(m?=E% we find that the directional derivatives are

A,
1 - _ 1
o= m“@u = EEB, 6= muau = ?EOa (3 4)
with
9 K AL
Du=g ~ A (1+/1—f(r)) gt
0
L, = 20 — Ko+ ncot,
0 1K AN
T Y L1 1= =r
D or + A, (1 ! f(?”)) +nAr7
0
T 2 1K
L) 70 + K5+ ncot 6, (3.5)
where
A =r2f(r), Ki=Er? Ky=-——. (3.6)
’ ’ sin @



With the help of the Newman-Penrose formalism [R1, BJ], it can be shown that de-
coupled master equations controlling the perturbations of Schwarzschild-de Sitter black
hole for massless arbitrary spin fields (i.e., scalar, Weyl neutrino, source-free Maxwell elec-
tromagnetic, Rarita-Schwinger gravitino, and the linearized Einstein gravitational fields)

read [[[d, B3, P4
{[D— (25 —1)e+ € —2sp— p*J(A =257+ p) — [6 — (25 — 1)3 — a*](6 — 2s0) (3.7)
—(s=1)(2s = 1)¥y}P, = 0,

for s =1/2,1,3/2,2 and

{[A+ (25 — 1)y — " + 2sp + p*|(D + 2s€ — p) — [§ + (25 — D) + 5*](6 + 253) (3.8)
—(s—=1)(2s = 1)Uy }®_, = 0,

fors=0, —1/2, —1, —3/2, —2.
Using eqgs. (B.2), (B.3) and (B.4), egs. (@) and (B.9) can be expressed as

VK2 —isK1AL(1+4/1—
l{A 8<A1+Sa> 2K\ /T— isky A (1 VL= (3.9)

r2 0 0 A,
+§A;’ + s;laaaa <sm9%> — [Ky — scot 0] + diswr — (452 + 2)Ag }@S =0,
! {AT a (N : ;) 9k, f(r)£+f<r>K%+isKlii<1+m>
—g T 5131959 <sm9§9> — [Ky 4 scot 0]? — diswr — (45 + 2)%7"2}(725@5) —0.

We can easily find that they are dual by interchanging s = —s. Thus one only needs to
consider the case of positive spin state s, and obtain the results for the negative spin state
—s by substituting s — —s. Two of equations (B.9) can be combined into the form of
Teukolsky’s master equation [2J]

62 (1+S)AI o) b
or T gy HEVIT I, 1
{f(r)aﬂ g g, 2 7 (3.10)

1 02 coth O 2 N

2 9n2 i _ (] 1_
tagm ot mamg A, VIZT0)

4isE 2smcot 0 s A 2 - -
* r r2sinf +2T2A _3(45 +2) — T2C0t rd, = 0.

Now we can calculate the entropy due to arbitrary spin fields for the nonextreme
Schwarzschild-de Sitter black hole in Painlevé coordinate by the thin-layer BWM. First we

try to seek the total number of modes with energy less than E. In order to do this, we make

iG(r, 0)

use of the WKB approximation and substitute ®5 ~ e into the above Teukolsky’s

master eq. (B.10), then we obtain

2sm

1
rk; = 2B/ 1= F{rk, + ki — B2 + ot 6

r2sin®@®  r2sind
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where k., = G,, and kg = G,9 are the momentum of the particles moving in r and 6,
respectively. In terms of the covariant metric components g, eq. (B-11) can be rewritten

as
2 o kg m?
Pk —2E\/1— f(r)k, — E S H =0, (3.12)
e
where
2sm s, A "
r281n960t9+_60t 0+ 3(45 +2)_ﬁA (3.13)

The roots of the eq. (B-13) are

E 1—f(r)i\/E2—f(r)[—%—%+H]

the sign ambiguity of the square root is related to the “out-going” (k;7) or “in-going” (k,)

particles, respectively. Here we utilize the average of the radial momentum (the minus
before the k. is caused by a different direction),

krzkf;k:r_: 1)\/E2—f(r)<—k—g—m—2+Hs>. (3.15)

f(’l“ 900 G

So in this way, we take all kinds of particles into account. Eq. (B.1§) can be rewritten as

- k2 (m + m0)2
k= ——9—7“@}, 3.16
V _grr gtt 966 Gop ( )
with
mo = scost, V= é(432 +2) — AT (3.17)
0 T3 2r2 " '

The number of modes with F is equal to the number of states in this classical phase
space []

1 ~
np(E,s) = W/drd@dgp/dkrdkzgdm

T‘h-i-N{;‘
d@/ [E — guVi]?2, (3.18)
rh4e gtt

under the improved thin-layer BWM boundary conditions

O(t,r,0,p) =0 for r<ryg+e and r>ryg+ Ne,
O(t,r,0,p) =0 for r<rc—Ne and r>rc—c¢,

where ¢ < rg (or r¢), N is an arbitrary big integer which removes the infrared divergence.
It is obviously that the location of the brick wall and the meaning of this wall in the
Painlevé coordinate are the same as that in the Schwarzschild-like coordinate.



The integral is taken only over those values for which the square root in eq. (B.1§)
exists. Summing over the positive and negative spin states +s, we get the total states
number

np(E) = %[nh(E, s) + np(E, —s)] ~ g—;[hhﬁ + 3L, (3.19)

where I, (Iop,) represents Iy (Izpr) for event horizon or I1o (Izc) for the cosmological
horizon, and these quantities are given by

rHJrNe ro—e —
IlH_/dG/ , Ilcz/de/ drVQQ,
rg+e gtt rc—Ne Gt
rHJrNe A ro—e A
IQH—/dH/ [ (2s —i—l} Igc—/dﬁ/ [ (2s —i—l)}
rg+e 3 rc— Nz-: 3

In the above, we have expanded eq. (B.19) in the high frequency approximation and in-

troduced an appropriate degeneracy g5 for each species of particles. Accordingly, the free
energy I’ at inverse Hawking temperature 3 can be expressed as

> np(E)
F, = — oA
==,

_1)2s _1)2s
S [2g(4)%[1h+§(2)%1’2h , (3.20)

where ((n) = X2 ,1/k™ is the Riemann zeta function, ¢(4) = 7*/90, ¢(2) = 7%/6, etc. We
can now obtain the entropy of the Schwarzschild-de Sitter black hole due to arbitrary spin
fields from the standard formula Sy, = 3?(0F},/903)

_1\2s by 2 _1)\2s
154 (—1) Ay, +i LM 1nﬂ 3+ (-1 )‘(1+25)Ahlnﬁ
16 487‘(’6}21 45 2 €n

S pu—
n/9s 4 367 €n

(3.21)
where the ultraviolet cutoff €, and the infrared cutoff Aj, have been set by n? = 2¢2 /15 and
N = A% /€2 L3, L3, the proper distance 7y, from the event horizon to the inner brick wall is

TH+6 \ =Grr + g2/ gudr = 2rg(e/Al )1/2 = 2y/erg/(1 — Ar%) and from the cos-
mologlcal horizon to the brick wall is no = rc NV G+ 93/ gudr = 2y Jerc /(1 — Ard),

and Ay, = 4777’%{ or 47T7%.

We find that eq. (B.21]) is in agreement with Wu-Yan’s result ([.J). That is to say, the
entropy calculated in the Painlevé coordinate is exactly equal to that in the Schwarzschild-
like coordinate.

By the equivalence principle and the standard quantum field theory in flat space,
to construct a vacuum state for the massless scalar field in the Painlevé spacetime we
should leave all the positive frequency modes empty. Kraus [R5 pointed out that for
the metric (R.9) it is convenient to work along a curve dr 4+ /1 — g(r)dt = 0, then the
condition is simply a positive frequency with respect to ¢ near this curve. It is easy to
prove that the modes used to calculate the entropy are essentially the same as that in the
Schwarzschild-like coordinate.



3.2 Entropy of Schwarzschild-de Sitter black hole due to arbitrary spin fields
in Lemaitre coordinate

Now we calculated the entropy of Schwarzschild-de Sitter black hole due to arbitrary spin
field in Lemaitre coordinates.
For the metric (B.§), The null tetrad vectors can be expressed as

= (3R 00) em (G2 D 00)

VY . _ VY -
m, = ——~—=(0, 0, 1, isinf), m, = ———(0,0,1,—isin 8). (3.22)
=Y ) =20, )
We find the non-zero spin coeflicients
p—_i
\/§’
(1-/f) 2
Fovy
2 2\ A
Voo f y 3
2 <m A >
E=—""F7=\ - —3VY)
A
— B ——cott (3.23)
o= = 2@00 ) .
and only one non-zero Weyl tensor
\Ifz_—ﬂ-i-i
yWy 3

Assuming that the azimuthal and time dependence of the perturbed fields will be of
the form e (™#=EV) we find that the directional derivatives are

D =119, = Dy, A =ntd, = —2—135,
Yy
= mhd, = ——Lh, 5= mPa, = —=—L (3.24)
" 2y 12 /2y

with

0
L, = %—Kg—l—ncotﬁ
)
Di 13_@M+nﬂ_b
"o foU Ay f Ay’
Ll = % + Ky + ncot 6, (3.25)



where

~ m
Ay=y(l—-f), Ki=FEy, Ky;=-—

(3.26)

sinf’

Substituting (B-24) and (B-23) into (B.7) and (B.§), we can obtain the Teukolsky’s master

equation

102  (1+s)Ay 0 (1+f2E 9
1_ — - - - = -
{( Digm ™y a0 ;o oU
1 0% coth 0 f 9 m?
N .
+y892+ y 00 f ysin’ @

isEA N2 4isE 2smcotf s
- (1-V7) + == -2 2
Ay VY ysin 6 2y

n" A 2 32 2 F
AL — §(4s +2) — ECOt 0,®s =0. (3.27)

Taking ®, ~ €'“U: ) into the above Teukolsky’s master equation (B27), we have

1— ~ rs kQ 2
f f f goo  Gpp
with
2sm 52 A s
= t0 4+ —cot? 0+ Z(4s> +2) — — AV 2
ysin@co + ; cot” 0 + 3( s+ 2) 5y S0 (3.29)

where ky = G,y and kg = G,9 are the momentum of the particle moving in U and 6,
respectively. We get the roots of ki as

4E2 2
k= \/ \/ " m,, (3.30)
U=
1-— 90 gcpcp

the roots are related to the “out-going” k+ and “in-going” (k;;) particles, respectively.

Here, we make use of the average of the U-direction momentum (the minus before the
k;; is caused by a different direction)

- — kg 4E2 k:? 2
ky = \/ \/ + g, (3.31)
1-— 909 ggaga

Eq. (B.31]) can be rewritten as

- 1 E? k2 2
fp= [ R mEmol (3.32)
—gUU \ gvv oo 9o
with
A2 S AN
mo = scosf, V= 5(45 +2)— 2—AU. (3.33)
Y
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Summing over the positive and negative spin states +s, we get the total states number

nn(E) %[nh(E, s) + np(E, —s)] ~ g—;[llhEg + 31y, B, (3.34)
with
Ug+Né —= Uc—é =
IlH:/dH/ v Y=Y, Ilcz/dé?/ w2 (335)
Up+é (9vv) vo-ne  (gvv)
Uy+Né& —= Uo—¢€ —
IQH:/de/ Uy 9[3(2 2+1)}, IQC:/da/ dvyY—9 [3(25 +1)}
Up+é gvv |3 Ue—Ne  gvv 3
where

1 3m2 1_26\/37AU+62\/37>\U A 3m(1_26\/37>\U+62\/37>\U) 2
e ],

A eV 3 2\ V3N
_ L, 3m(1 — 26VIN £ VIN) |13\ 131 9V 4 (2VBNUY 12/
gvv = 1 m W -3 s ‘

In above calculation, we used the improved thin-layer BWM boundary conditions

d(V,U,0,0) =0 for U<Uyg+é and U >Uy+ Né,
d(V,U,0,0) =0 for U<Uz—Né and U > Ug —é,

where &€ = 2/v3XIn [\/Ae3/6m + /Ae3/6m + 1| which gives the relation between the
location of the brick wall in the Lemaitre and Schwarzschild-like coordinates, N is an
arbitrary big integer, and Uy and U¢c are

U — 2 "\/4cos3(a+w/3)+\/4cos3(a+7r/3)H]

cos 3o cos 3o

2 A3 A3
=——1n \/ Ll \/ EANE 1}
V3
2 4 cosd o \/4 cosd o
¢ V3 . \/cos3a cos 3a + }
2 A3 Ar3
= ——1n \/ ¢ \/ ¢ 4 1}
V3

which correspond to the event and cosmological horizons of the Schwarzschild-de Sitter
black hole.
Then, the free energy can be expressed as

o0 np(E)
F o= _ df— "P\)
==,

15 + (—1)?

_1)\2s
= —g, [2C(4)W 1h +<(2)M

e Lnl, (3.36)
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We can now obtain the entropy of the Schwarzschild-de Sitter black hole due to arbitrary
spin fields in Lemaitre coordinate as

Syt = U]

16 4 367 €n
(3.37)

where the ultraviolet cutoff €, and the infrared cutoff Aj, have been set by 1} = 2¢7 /15

A1 ( _A_’“i> lnﬂ] 3 (CDFA0E2Y) Ay
€h

18re 15 2 L

and N = A?)es [, [i3], the proper distance 7, from the event horizon to the inner brick

wall is ng = UUleré \/—gUU + 9%y /gvvdU = 2y /erg /(1 — Ar%;) and from the cosmological

horizon to the brick wall is nc = 2y/erc/(1 — ArZ), and Aj, = 47r%; or 47rd.
Comparing with eqs. ([.3) and (B.21)), we find that it equals to the entropies calculated
in the Painlevé and Schwarzschild-like coordinates.

From above discussions we find that although both the Painlevé and the Lemaitre
spacetimes do not possess the singularity at the event and cosmological horizons, the en-
tropies calculated in the Painlevé and the Lemaitre coordinates are equivalent to that
calculated in the Schwarzschild-like coordinate. It is well known that the wave modes
obtained by using semiclassical techniques, in general, are the exact modes of the quan-
tum system in the asymptotic regions. Thus, if the asymptotic structure of the space-
time is the same for the two coordinates, then the semiclassical wave modes associated
with these two coordinate systems will be the same. From eq. (R.3) we know that the
differential relationship between the Lemaitre time V and the Painlevé time ¢ can be ex-
pressed as dV = dt + dr = 2dt + dr/+/1 — f(r). Now let us also work along the curve
dr + /1 — f(r)dt = 0, we obtain dV = dt. It is shown that the two definitions of positive
frequency — with respect to V in the Lemaitre spacetime and with respect to ¢ en the
Painlevé spacetime — do coincide. Therefore, it should not be surprised at the entropies
driven from the modes in the Lemaitre and Painlevé coordinates are the same.

4. Summary

We have studied the statistical-mechanical entropies arising from the quantum mass-
less arbitrary spin fields in the Painlevé and Lemaitre coordinate representations of the
Schwarzschild-de Sitter black hole using the improved thin-layer BWM. At first sight, we
might have anticipated that the results are different from that of the Schwarzschild-like co-
ordinate due to two reasons: (a) both the Painlevé and Lemaitre coordinate representations
possess a distinguishing property — there are no singularities at f(r) = 0 so the metrics
are regular at the event and cosmological horizons of black hole; (b) it is not obvious that
the time V in the Lemaitre spacetime tends to the time ¢ in the Painlevé spacetime. How-
ever, by comparing our results (B.21) and (B-37), which are worked out exactly, with the
well-known result ([L.3), we have found that in both these coordinate representations the
entropies are the same as that in the standard Schwarzschild-like coordinate representation.

There are two reasons lead us to obtain the same results in the different coordinates. a)
Although either the Painlevé or Lemaitre coordinate does not possess the singularity, the
event and cosmological horizons manifests themselves as singularities in the action function

- 12 —



and then there could be particles production. Hence we can use the knowledge of the wave
modes of the quantum field to calculate the statistical-mechanical entropies. b) When we
construct a vacuum state for the massless arbitrary spin fields in the Painlevé spacetime
we take the condition dr + /1 — f(r)dt = 0, and then we find that the modes used to
calculate the entropies in both the Painlevé and Lemaitre coordinates are exactly the same
as that in the Schwarzschild-like coordinates since both V and ¢ tend to the Schwarzschild
time tg as r goes to infinity under this condition. Therefore, it should not be a surprise
that the entropies driven from the modes in the Lemaitre, Painlevé, and Schwarzschild-like
coordinates are the same.
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